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ABSTRACT

ON THE CRUMPLING OF THIN SHEETS
SEPTEMBER 2014
ANNE DOMINIQUE CAMBOU
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST
Directed by: Professor Narayanan Menon

The inner walls of mitochondria, cabbage leaves, and even the Himalayas are all
examples of thin sheets: objects with a thickness much smaller than their length and
width. Despite their differences in size and in material composition, similar patterns
emerge when sheets are crumpled or forced into a small three-dimensional space. As
the compaction progresses, the deformations focus into increasingly sharper features
that look like the network of peaks and creases found on the surface of a balled up
piece of paper. In this regime, external forces are straining the membrane, causing the
elastic energy to localize while leaving most of the surface smooth and undeformed.
In addition to forming a collection of deformations and smooth facets, different sections of the sheet come in contact and thus, a description of the interior configuration
of the packed sheet is necessary for a complete understanding of the final structure
and how it can resist further compression while maintaining a low volume fraction.
With the experiments described in this thesis, we investigate the role of mechanics
and geometry in highly confined sheets by exploring and quantifying elements of their
inner design. We carry out experiments on sheets composed of materials with varying

v

elasticity: Aluminum and Polydimethylsiloxane (PDMS), and probe their configurations using X-ray tomography and optical imaging techniques. Aluminum sheets are
confined within a sphere and X-ray tomography aids in imaging their interior structure. In this case, the local metrics of the geometry are found to be largely isotropic
and homogenous, absent of the method of preparation. However, the films spontaneously form localized order where separate sections align into stacks of facets. In
the second set of experiments, we make thin PDMS membranes and confine them
within a cylindrical geometry where we can contrast reducing the volume with either
the flat or curved boundaries. For this set-up, optical imaging permits dynamical
measurements over a much larger range of volume fractions. We are able to induce
global orientational order in these membranes with high reversibility. Interestingly,
even at low densities, both types of sheets form localized stacks of facets independently of the boundary conditions. This spontaneous, localized order emerges as a
defining feature of membranes packed into a small volume and is a likely contributor
to their structural rigidity.
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CHAPTER 1
INTRODUCTION

Figure 1.1: A Crumpled Sheet.

A sheet is an object whose thickness is much smaller than its length and width.
Cell membranes, flower petals, and tectonic plates are all examples of thin sheets.
When deformed, they respond to external forces by bending and stretching. Initially,
the deformations are smooth but as the confinement increases, the elastic energy condenses into sharper, more localized features while most of the surface remains flat.
In this crumpled regime, membranes at largely varying scales and material properties
display similar networks of vertices connected by folds. Despite maintaining a low
volume fraction, these structures can also resist external forces. Our aim is to better characterize the geometric patterns and mechanical behavior of highly deformed
membranes with varying material properties and subject to different boundary conditions.
Before motivating our experiments and discussing the surrounding research on
crumpling and confinement, we first define the basic theoretical concepts of elasticity
and geometry of highly deformed sheets.
1

1.1
1.1.1

Fundamental Concepts
Curvature

We present a few concepts from differential geometry to aid in understanding the
language used to define the shape of a surface in three-dimensional Euclidean space
and consequently the deformations of a thin sheet in the context of the theory of
elasticity.
The curvature quantifies the amount a surface deviates from a flat state. One
way to measure the curvature is to track the directional change of the vectors that
are normal to the surface, n̂, along the tangents of the surface. These normals are all
parallel in the flat state therefore a nonzero spatial gradient signals curvature. This
method is described fully in Ref. [22] and summarized here.
At each point on the surface, there is a set of three mutually orthogonal unit
vectors, {n̂, vˆ1 , vˆ2 }, where {vˆ1 , vˆ2 } are the basis vectors perpendicular to n̂. The
directional derivative of n̂ along each of the tangent directions, vˆ1 and vˆ2 , is a tensor
called the second fundamental form or more simply the curvature tensor,

Cij = −vik vjl

∂nk
.
∂xl

(1.1)

Diagonalizing this tensor gives the value and the direction of the maximum and
minimum curvature: the two principal curvatures, k1 and k2 .
The mean, H, and gaussian, K, curvatures in terms of the principal curvatures
are
H = 21 (k1 + k2 ),

K = k1 k2 .

(1.2)

Using the fact that the vectors {vˆ1 , vˆ2 , n̂} are orthonormal, the curvatures are expressed only in terms of the surface normal:

H = − 12 ∇ · n̂,
2

(1.3)

K = − 21 ∇ · [(n̂ · ∇)n̂ − (∇ · n̂)n̂].

(1.4)

This equation is useful because if the functional form, f =constant, of the surface is
known, the normals are found using the simple equation: n̂ =

∇f
|∇f |

and the curvatures

can then be calculated.

1.1.2

Bulk Elasticity

When an object is deformed, the relative distances between the material points
within the solid are altered from their original lengths, causing what is called a strain,
denoted here by γij . To define this tensor, we must first define the displacement
vector, ui , which is the displacement of each material point in the i - direction from
a reference position. The strain tensor is [25],
1
γij = (∂j ui + ∂i uj + ∂i uk ∂j uk ).
2

(1.5)

For small deformations, the last (or off-diagonal) terms are often ignored, leaving
a tensor called the Cauchy strain tensor. However when describing the strain in a
bent sheet, the second-order terms are reintroduced because the deformations are
larger.
Deforming a solid also causes internal stresses. Stress is defined as a force per unit
area,
σij =

∂Fi
,
∂Aj

(1.6)

where A is the area of a surface element oriented with its surface normal pointing in
the j-direction being pushed or pulled in the i-direction by a force, F . The average
of the diagonal elements of σij give the pressure and the off-diagonal elements give
the stress due to shear [26].

3

There are two independent material parameters that relate strain and stress:
Young’s modulus and Poisson’s ratio. The Young’s modulus, E, is the stress over
the strain in a single direction. In the i-direction,

E=

σii
.
γii

(1.7)

(In the notation used here, repeated indices do not denote a summation over all
dimensions.) Therefore the greater the Young’s modulus, the harder it is to deform
the material.
When the solid is compressed or stretched in one direction, it often reacts by
compressing or stretching in the perpendicular directions. A measure of this effect is
the Poisson’s ratio, ν, which is the ratio between the amount of applied strain versus
the reaction strain in the transverse direction. An applied strain in the i-direction
produces,
ν=−

γii
.
γjj

(1.8)

(Repeated indices do not denote a summation over all dimensions.) We are focusing
on isotropic materials where ν and E are the same in all directions. Hooke’s law for
isotropic materials is a linear relationship between stress and strain,

σij = 2µγij + λδij tr(γ),

(1.9)

where µ and λ are material parameters called the Lamé coefficients. µ is the shear
modulus [26]. Since there are only two independent elastic constants for an isotropic
solid, λ and µ can be expressed in terms of E and ν:

λ=

Eν
(1+ν)(1−2ν)

, µ=

4

E
.
2(1+ν)

(1.10)

1.1.3

Elasticity of Thin Sheets

We discuss the more specific situation of strain in a deformed thin sheet and
show why it is energetically preferable for the sheets to bend instead of stretch. By
definition, sheets have a thickness, t, much smaller than the length (or width) L:
t << L.
Two types of relative movement of the material points in the sheet contribute
to the strain [25]. The first type is from stretching: in-plane displacements giving
the usual Cauchy’s tensor. The second is bending: forcing the sheet to flex out-ofplane. When the sheet is bent into a u-shape, the top surface is compressed and
the bottom surface is stretched, while the center remains unstrained. In order to
define the complete strain tensor, the vertical displacement of this middle section, ξ,
is included in the second-order term. Thus the strain of a deformed sheet is,
1
γij = (∂j ui + ∂i uj + ∂i ξ∂j ξ).
2

(1.11)

The energy cost of changing the shape of an elastic sheet is written as the sum of
a bending and stretching term. The bending energy for a sheet with thickness, t, is
Z
EB = B

ds2 tr(Cij )2 ,

(1.12)

where the bending modulus B = Et3 /12(1 − ν 2 ) and Cij is the curvature tensor. The
stretching or strain energy is
Z
ES = Y

ds2 tr(γij )2 ,

(1.13)

where the stretching modulus Y = Et. These equations show that the bending energy
is proportional to t3 while the stretching energy is proportional to t. By taking the
ratio of EB to ES , we can show that bending a sheet is energetically more favorable
by a factor ∼ (t/R)2 γij2 , where 1/R is the local curvature and γij is the local strain.
5

1.1.4

Elementary Structures: Ridges and Developable Cones

A highly deformed sheet will minimize energy by localizing the strain into sharp
features: ridges and vertices. We discuss the energy of each feature individually.

Figure 1.2: Developable Cone [13]. This image depicts a point-deformation on a
sheet.

A vertex in a sheet is called a developable cone or d-cone, where the stretching is
localized at one point and the rest of the sheet is bending in a cone-like shape [14],
[13]. In order to study an isolated d-cone, a circular sheet with radius, Lc , is placed
over a circular container with radius, R, and pushed down into the container with
a point force, F (using a pen for example), as is shown in Fig. 1.2 (borrowed from
[13]).
Close to the tip of the cone, there is a region of localized stretching with a core size
of Rc ∼ t1/3 R2/3 [13] [27], where R is the radius of the container in Fig. 1.2. Nonlinear
effects such as plasticity may be present in a region a radial distance of order t from
the tip. Away from the tip, the energy primarily comes from the mean curvature of
the surface, and thus from bending alone. Here, the assumption is that the mean
curvature at every point is proportional to the distance, r, between each point and
the the top of the cone, and the local radius of curvature, Rcurv , is proportional to r.
Using the thickness of the sheet as a minimum cutoff, the total bending energy of a
d-cone scales as,
Z
Edcone ∼ B

Lc

rdr
t

1
2
Rcurv

6

= log(

Lc
)B,
t

(1.14)

Next we consider the energy of a ridge. For this type of deformation, shown in Fig.
1.3, the energy includes both bending and stretching because the stretching allows
the sheet to find a configuration of lower energy [31]. The total energy of a ridge
scales as,
Eridge ∼ B(

Lr 1/3
) ,
t

(1.15)

where Lr is the unstretched length of the ridge (depicted in Fig. 1.3). (At the tip
of the d-cone, where a crescent-shaped ridge forms, there exists both stretching and
bending energy and thus the total energy is approximated to scale as B(L∗ /t)1/3 ,
where L∗ denotes the radius encompassing the crescent-shaped crease [44].)

Figure 1.3: Ridge [31]. The image shows a sheet folded into a ridge of length Lr .

From these scaling relations we deduce that the ridge energy is much greater than
the vertex energy:
B(

Lr 1/3
Lc
) >> log( )B,
t
t

(1.16)

for Lc ∼ Lr . Therefore, the ridges dominate the elastic energy of a crumpled sheet
and the total elastic energy can be approximated by summing over the energies of
individual ridges:
Etot ∼ B

1.2

X Lr
( i )1/3 .
t
i

(1.17)

Background and Motivation

Thin-sheet research fits into a broader spectrum of soft-condensed matter with a
focus on materials trapped in non-equilibrium states. Other examples include granular systems, colloidal suspensions, and intracellular networks. Far-from-equilibrium
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phenomena are abundant in nature but the underlying principles remain elusive. Part
of the reason for this is that systems unable to relax towards equilibrium typically
preserve memory of their preparation and also tend to be nonlinear, disordered, and
non-ergodic [38]. Therefore variables such as initial conditions, boundary effects,
and other contributions to the system’s path towards a final configuration should be
monitored.
More specifically, our experiments on crumpled sheets contribute to a collective
effort attempting to explain and predict the variety of patterns that emerge when thin
sheets are stretched, compressed, confined, and even ripped. The patterns often form
spontaneously, without premeditated methods of deformation. For instance, simply
pulling a rectangular sheet from two opposite sides causes the surface to wrinkle
into long, periodic waves [12]. Here the wrinkles remain smooth, however they can
transition into features with varying degrees of sharpness, or localized strain [37], [23].
In the extreme limit, the strain is the most focused and the surface develops ridges, or
folds, and d-cones. Examples include origami and highly confined or crumpled sheets.
Unlike in origami, where the creases are prescribed (as in Ref. [17]), the crumpled
state is random and chaotic. Thus, part of the difficulty of quantifying this regime
lies in the statistical variability of the geometry where the response to external forces
is nonlinear while the system is far-from-equilibrium.
Beyond geometric characteristics, the material properties change the energy scaling of the deformations, [42], as predicted by theoretical models of purely elastic
membranes. For example, large strains of sheets with plasticity will cause irreversible
folds and dissipate the energy. Another component specific to crumpling is the sheetto-sheet contact which introduces interactions beyond minimizing the elastic stress
and strain within the material. In this case, frictional forces can also dissipate the energy as surfaces come into contact. Simulations comparing phantom sheets with selfavoiding sheets show that even without friction, self-avoidance increases the sheet’s
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resistance to further compression while the energy becomes dominated by self-contacts
[42].
With the set of experiments described in this thesis, we aim to investigate and
characterize the defining geometric characteristics of highly deformed sheets. In our
first experiments, we perform a fully three-dimensional analysis on balls of crumpled
aluminum foil, which motivate a second set of experiments where we focus on the
development of orientational order in confined polydimethylsiloxane membranes.
Some of the first experiments on crumpled sheets include: finding a fractal dimension [21], [4], recording the sound emitted while compressing the sheet [24], and
tracking the amount of compression as a function of resistive force [33] in sheets with
plasticity and friction. One of the main goals of these studies was to relate the applied
force with the final size or the scaling of the deformations in the resulting structure.
For example, a fractal dimension, D, may relate the radius, r, of a ball of paper
for a given compression force, to its linear size, l, such that r ∼ l2/D . The results
of these studies found conflicting values for the fractal dimension of sheets packed
into a spherical shape [21], [4]. As we will discuss later, this measurement is not
well suited for this type of object because the mass distribution is inhomogeneous.
In another experiment, the audio was recorded while sheets of mylar were strained,
[24]. The data shows peaks of sharp sounds with varying sizes, supposedly representing ridge-energies and thus ridge-lengths, and providing some evidence of a broad
distribution of lengths. The last example explored the role of frictional forces and
plasticity in compressed mylar sheets, [33]. Although they found hysteresis in the
response of the sheet to the applied load, their results suggest that after the sheets
were pre-crumpled, the behavior was reproducible. They measured a power-law relation between the compression force and the size of the deformed sheet, supporting
the scaling behavior predicted by previous simulations, [31].
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Eventually, crumplers wanted direct measurements of the interior geometry. In
Ref. [8], crushed paper was unfolded and the surface analyzed using laser-aided topography. The data shows a log-normal distribution in the probability density function
of the lengths of the ridges. This distribution is consistent with numerical simulations, [43], [42]. A possible interpretation is presented in Ref. [45] that says the
ridge-lengths are determined via a hierarchical buckling of folds as the compaction
increases. The surface of unfolded paper provides clear information about the dimension and curvatures of the deformations, but the spatial arrangements of the 3D
structure is lost.
A description of the internal geometry remained elusive in part due to the difficulty
of peering within the volume without altering the configuration. One tool that allows
an interior view of a static object is X-ray tomography. Experiments described in Ref.
[29] and [28], used this method but analyzed the sheets in 2D. They crushed aluminum
sheets into spherical shapes and measured the 2D images representing perpendicular
slices through the volume. The geometry was quantified in terms of tangent vectors
to the curves in the 2D plane of the image. An interesting result showed layers of
facets emerging within the configuration, indicating that nematic order may in fact
be an important geometric component in addition to folds and vertices. However
the effect of the boundary on the resulting orientation is difficult to measure in this
case because a 2D estimation of a 3D surface can be misleading. With a full threedimensional characterization we can complete the description of layering and the role
of the method of confinement. In addition, we can more effectively find the spatial
distribution of mass and deformations within the volume.
Initially the mechanical rigidity of a sheet crumpled into a ball was attributed to
the high buckling strength of the ridges, however, studies on confined one and two
dimensional objects have been challenging this idea. Several experiments, [19], [7],
[40] and simulations, [39], [2], featured a flexible 1D object in a small 2D-space and
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found that the object aligned into parallel layers and oriented along the boundaries.
A lattice simulation of an enclosed 1D wire also found long-range nematic order in the
thermo-dynamic limit, [2], while experiments with rods of finite length inside circular
and rectangular containers, [20], [9], predict a jamming transition within the nematic
phase. These lower dimensional cases are qualitatively different than the geometry of
a deformed sheet. A one dimensional body only has to bend in one direction. A sheet,
on the other hand, must bend in one and two directions in order to form both folds
and vertices. The configurations of simulated elastic, [43], [41], and elastoplastic,
[42], self-avoiding sheets do indicate local alignment of facets in 3D. Although the
authors did not directly measure the spatial distribution of the stacks, they found
that self-contacts dominate the energy of the structure, [42]. The layers that emerge
in these confined 1D and (nearly) 2D objects may provide another source of resistance
to further compression.
To begin exploring these issues, our first set of experiments set out to quantify
the configuration of a static crumpled sheet with a focus on the spatial distributions
of various geometric components. We examine aluminum sheets hand-crumpled into
spheres. Using X-ray tomography, we image the interior conformation and produce
a full three-dimensional analysis of the structure’s mass distribution, curvature, orientation, and local ordering in the form of stacked facets. Far from equilibrium, the
forcing mechanism potentially plays an important role in determining the system’s
final arrangement and the shape of the external boundary may impose a dominant
orientation. This possibility is tested by measuring the sheet’s alignment in response
to outside walls with varying the degrees of curvature. In this case, we find the local measures of the geometry to be largely isotropic and homogenous, and showing
no evidence of the method of preparation. However, we measured indications of local ordering produced by nearly planar stacks of facets. The stacks display nematic
ordering because although they are composed of parallel facets, the orientations of
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each stack are uncorrelated thus breaking orientational symmetry found in a smectic.
Unlike orientation and curvature, this local nematic ordering is found to be spatially
dependent; areas of parallel stacking increase approximately linearly with the radius
of the sphere. The layers act like thicker walls that possibly provide the sheet with
the structural rigidity to resist external forces.
In the case of a ball of aluminum, even though local order forms, the orientation
remains isotropic, with no alignment with the crushing boundary. We suspect two
main reasons for this. First, alignment with the spherical encasement would require
the sheet to stretch in both principal directions, which is energetically expensive. Secondly, the high plasticity and frictional interactions in aluminum cause the material
to irreversibly freeze into its initial response to the crushing force, preventing any
internal rearrangements. To remove these complications, we produce elastic membranes that allows for reversible and dynamic deformations, [1], and confine them
in a container with developable surfaces: a cylinder. We induce alignment by reducing the cylindrical volume either with the flat walls or the bottom walls and can
thus compare the effect of curvature at the boundary. We measure global and local
orientational order as the sheet was crushed.
In the following sections, we begin with a description of the sheet properties and
confinement geometries in our experiments, followed by the imaging techniques and
subsequent methods of image analysis. Finally the results and implications of our
measurements are described.
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CHAPTER 2
SHEET PROPERTIES AND CONFINEMENT
GEOMETRY

2.1

Aluminum Sheets

The aluminum foil used in our experiments has a Young’s modulus, E = 145
M P a [3]. We hand-crumple circular aluminum sheets with thickness, t = 25.4µm
and initial radius, Ri into approximately spherical shapes with final radius R0 . The
resulting volume fraction is:
φ=

πRi2 t
.
4
πR03
3

(2.1)

The three volume fractions that we investigate are 6%, 8.5%, and 22% :
Ri
R0
φ
3.5cm 0.72cm 6%
5cm
0.82cm 8.5%
7cm
0.75cm 22%
Table 2.1: Initial and Final Radii of the Aluminum Spheres.

2.2
2.2.1

PDMS Sheets
Making the Sheets

Making sheets with a thickness that is both thin and uniform requires a few careful
steps. We start with polydimethylsiloxane, or PDMS, mixed from Dow Corning’s
Sylgard 184 silicone elastomer kit. The kit comes with two parts, a base and the curing
agent, that can be combined in varying ratios to produce varying elastic properties.
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For this experiment, we use a ratio of 10 : 1 base to curing agent for sheets with the
desired Young’s modulus. After the two parts are mixed, bubbles are removed using
a vacuum chamber. To spread the uncured and viscous PDMS solution on top of
the substrate, we use Meyer bars. These tools are long metal rods (length = 30.5cm
and diameter = 1cm) with thin metal wires coiled tightly around their entire length.
The diameter of the wires controls the available space between the substrate and
the rod and thus determines the amount of solution deposited across the glass and
the resulting thickness of the membrane. After the viscous PDMS is applied to the
substrate, it is cured in an oven on a stage leveled to minimize flow, overnight at
70◦ C.
The substrate used is polished floated glass (from Delta Technologies) due to its
smooth surface (< 0.05µm/20mm). In order to facilitate removal of the cured PDMS
from the substrate, the surface of the glass is silanized to increase hydrophobicity.
First, the glass plate is placed inside a UVO-cleaner for 10 minutes to rid the surface of
organic contaminants. Next it is enclosed overnight inside a small space containing an
tiny open container of trimethalchrolosilane. The trimethalchrolosilane will evaporate
and fill the space, eventually depositing a layer of single molecules atop the glass.
After this, the PDMS is applied to the glass and cured.
Using the above recipe, the cured PDMS sheets have a Young’s modulus ' 1.4
MPa. This quantity was measured using an Instron tensometer, where the sample is
pulled in small increments of force and the response extension (in the same direction
as the applied force) is measured. After graphing the force versus the extension, the
Young’s modulus is evaluated by finding the slope of the curve in the linear region
(well before the sample reaches plasticity and breakage). Please see Fig. 2.1 for an
example of the data acquired using the tensometer.
Once the PDMS has solidified, dust from the top surface is removed using Scotch
tape. Then a square sheet is carved out using a razor blade. The membrane is slowly
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Figure 2.1: Stress versus Strain of PDMS. The solid green curve is the applied stress,
or force per cross-sectional area, versus the response strain, (L − L0 )/L0 , of a sample
of the PDMS used in our experiments and measured using an Instron tensometer.
The curing to base mixing ratio is 10:1, and the curing time is about 12 hours in an
oven set to 70◦ C. The slope of the curve where the relationship is linear, denoted by
the red dotted line, gives the Young’s modulus of the PDMS. The Young’s modulus
is ' 1.4 MPa.

peeled off by rolling it away from the glass to prevent ripping. It is then submerged in
the dodecane and left to swell for 24 hours before dyeing because the dodecane reduces
friction which can cause tearing. Finally, the sheet is placed in a water and rhodamine
B solution where it absorbs enough dye to fluoresce in yellow at wavelength ' 580
nm when exposed to green light at wavelength ' 535 nm [5]. The hydrophilicity
of rhodamine B ensures that the dye will remain within the PDMS when the sheet
is introduced into the experimental cell full of dodecane. Under ambient lighting,
the sheet will disappear in the liquid because dodecane closely matches the index of
refraction of PDMS, n ∼ 1.4, [35]. Using a green laser, we can image the interior
geometry of the confined sheet, one cross-section at a time, as shown in Fig. 2.2.
They are cut into squares of area ranging from Asheet = 150cm2 to 200cm2 . The
thickness, tdry measures 25 ± 2.5µm, before the PDMS is submerged in the dodecane.
This thickness was measured using a Zygo 7300 3D optical profilometer over several sections of membranes still attached to their substrates. Optical profilometers
are tools used for characterizing features on a surface by measuring variations in the
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interference pattern of light reflected off of the surface. The range of measurable
profile heights for this model is from 1nm to 20000µm. To find the thickness in our
samples, we cut tiny squares out of the sheet and measured the height profiles at the
edges between PDMS and glass.
After the membranes are removed from the substrate and placed inside the fluid,
they swell to a thickness, t ' 37.6µm. We estimate this value by measuring the
increase in area after 24 hours (swelling ceases before this time) of soaking in the
fluid and find that the area grows by 50%.

2.2.2

Cylindrical Confinement: Two Methods of Crumpling

z
x

Axial

Radial

h

laser
sheet

laser
sheet

d

Figure 2.2: Cylindrical Confinement Geometries. The PDMS sheet is confined within
a cylinder to allow for crumpling axially or radially.

In contrast to crumpling sheets with a spherical confinement, we investigate the
effect of boundaries with no gaussian curvature using a cylinder. The advantage
of this shape is that there are two kinds of walls: the flat surfaces of the top and
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bottom and the curved surface of the side. With this geometry, we can reduce the
volume axially or radially as shown in Fig. 2.2. A long sheet of transparent teflon
(with thickness = 0.0005in and procured from CSHyde Company) provides the side
walls of height, h, and is looped around two pistons with diameters, d. For reducing
the radius of the cylinder, the teflon sheet is manually pulled from one end while
the other is held fixed. The height is both decreased and increased with the top
piston. For reproducibility, a servo motor controls the motion of the piston. These
two independent ways of crushing the film within the cylinder allow us to vary the
aspect ratio A =

h
(d/2)

as well as the volume fraction φ =

tAsheet
,
V

where the confining

volume, V = π(d/2)2 h.
The volume is varied in discrete steps with a waiting time, τw , between each step
to allow the sheets to relax. Most of the reconfiguration of the sheet is completed
after 10 minutes as is shown in Fig. 2.3, however small local motions persist for hours.
We find that the quantities measured are insensitive to τw .

Displacement (%)
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Figure 2.3: Relaxation of PDMS Sheets. Shown is the percent change between the
initial image with each subsequent image to track the movement of the sheet in time.
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CHAPTER 3
IMAGING TECHNIQUES

3.1

X-Ray Tomography

X-Ray computerized tomography (CT) is used to peer inside the interior of the
crumpled sheet using an x-ray beam energy of ∼ 60-70 keV . We used a CT scanner
Skyscan 1172 which captures transmission images with a divergent X-ray illumination
from a point source. The beam attenuation is due to either Compton scattering or
the photoelectric effect. Thus the intensity transmitted along any ray is a measure of
the absorption by the integrated electron density along that ray. One X-ray shadow
image, Fig. 3.1a, is captured after the sample is rotated 0.3◦ degrees over a total
of 180◦ . Then commercial software reconstructs the 540 shadow images into a 3dimensional intensity distribution in the form of a stack of grayscale images similar
to the one display in Fig. 3.1b. The resolution is set by the size and pixel resolution
of the detector, as well as the distance from point source to the sample. The spatial
resolution is 9µm/pixel and a typical image stack is ∼ 20003 pixels. The thickness of
the sheet in pixels is tpix = 25.4µm/9µm/pixel ≈ 2.8 pixels and the location of the
sheet can thus be fully resolved.

3.1.1

Imaging Artifacts

Computer tomography scans create several common artifacts, [6], observed in our
reconstructed images. An effect called beam hardening occurs when lower-energy Xrays are attenuated faster than the high-energy rays. The resulting beam contains an
overall lower intensity but the mean X-ray energy increases, leaving a brighter spot

18

(a) X-Ray Shadow Image

(b) Reconstructed Image

Figure 3.1: X-Ray CT images of a crumpled aluminum ball with diameter ≈ 1.5cm.
a) Displayed is an example of an X-ray shadow of a crumpled ball. For a full scan,
a picture is captured after the object is rotated in steps of 0.3◦ , over a total of 180◦ .
b) The computer tomography software reconstructs the X-ray shadows into images
representing perpendicular views into the volume. The image shown is from the center
of the sphere.
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(a) Before Thresholding

(b) After Thresholding

Figure 3.2: Noise Reduction. The contrast in the left image was adjusted to highlight the
beam-hardening artifacts. The right image shows how a simple thresholding eliminates most of the
noise. In addition to thresholding, we can de-speckle the images to eliminate residual noise.

in the image. An attenuation filter made out of aluminum is placed in front of the
X-ray source to reduce this effect. However since we are imaging a metal, we cannot
completely avoid artifacts because metals can absorb X-rays beyond the detector’s
energy range, creating a bright star pattern emanating from one point in the image.
A third artifact we observe is called the ring artifact because it leaves ring-patterns
centered about the rotating axis of the image, shown in Fig. 3.2. This artifact originates from imperfections in detector calibration or from varying scanning conditions
such as changing beam energy or temperature that result in over-or underestimated
attenuation values. Ring artifacts can be reduced with the attenuation filter and then
by the reconstructing software.
Since our samples include only air and aluminum, a simple thresholding of the
resulting images suffices to eliminate most of the remaining noise. Bright spots from
beam hardening blend in with other surface points and most of the pixels from the
ring artifacts are erased because they tend to lie below a chosen threshold value, (Fig.
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3.2). Besides a few background noise specks, the problematic areas left in the images
are small regions where material points were erased, leaving small openings through
the surface. Although the connectivity is interrupted in these tiny spots, we were still
able to accurately measure the curvature and surface normals that require smooth
patches.

3.1.2

Thickness Calibration
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Figure 3.3: Thickness Calibration, a) Shown is an X-ray shadow of the calibration
sample of 12 aluminum sheets rolled into coaxial cylinders. b) An image representing
the sum of 100 reconstructed images. c) The thickness measurements in pixels of each
cylinder from the innermost to the outmost layer are displayed. Each color represents
a different cylinder height and each curve is a different radial direction within that
height. The black curve is the sample average that shows a minimal fluctuation in
thicknesses.

We ensure that the measured thickness does not decrease with depth into the
object due to absorption of the X-rays in the outer layers by constructing a calibration
sample composed of 12 coaxial cylindrical shells of aluminum with a diameter ∼ 1.8
centimeters. The X-ray shadow image of the sample is shown in Fig 3.3a. The lower
part of the structure where the X-rays must penetrate all 12 layers is used to measure
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the thickness of each cylinder. Stacks of 100 reconstructed slices are summed into
a single image similar to the one shown in Fig. 3.3b. Then the thickness of each
wall is measured as a function of distance from the center in several different radial
directions. We average over 5 stacks of 100 images, Fig. 3.3c, and find that there is
no systematic effect on the thickness of the sheet due to x-ray absorption through the
sample.

3.2

Optical Imaging
Camera

Sample

Laser

Figure 3.4: Schematic of Optical Components. Displayed is a diagram of the optical
set-up. The laser beam (wavelength ∼ 532nm) travels through a cylindrical lens to
create a sheet of light. Then the beam is split into two parts in order to illuminate
the sample from two directions. Thin metal slits are placed near the tank to reduce
the thickness of the laser-sheet and the camera captures the fluorescing focal plane
in the sample.

We stain PDMS sheets with Rhodamine B, a water soluble fluorescent dye whose
excitation wavelength ∼ 530nm and emits light with wavelength ∼ 560nm. We use
a Wicked Nano laser that produces a beam with wavelength ∼ 532nm and activates
the dye in the PDMS. The sheets have an index of refraction, n ∼ 1.4 [35], and are
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submerged in dodecane with n ∼ 1.4190 to 1.4230 for nearly perfect index-matching
so that a single cross-section at a time can be viewed. For a more uniform intensity
across the sample the beam is focused into a plane using a cylindrical lens and then
split into two. Thus the beam illuminates from two directions to reveal a single slice
through the crumpled sheet. The schematic of the optical table is shown in Fig.3.4.
An example of the illuminated cross-section is shown in Fig. 2.2. A picture is taken
of the fluorescing focal plane with a D80 Nixon camera and the image can be directly
analyzed. This is advantageous because much faster imaging is possible, leaving out
the costly step of reconstruction that is required in X-ray computed tomography and
allowing us to measure the dynamics of the confined a sheet over a wider range of
volume fractions.

3.2.1

Synching the Camera, Piston, and Laser

We synch the piston with the camera to control the time elapsed between crushing
(or uncrushing) steps and the moment the picture is captured. This control makes
the experiment reproducible and helps determine the role of relaxation after a force
is applied to the sheet. In addition to regulating the piston and camera actions, the
laser needs to be shut off occasionally to extend the lifetime of the Rhodamine B dye.
We therefore designed a circuit to precisely schedule the crumpling, picture-taking,
and lighting, Fig. 3.5 .
We connect the three main components of the optical design to a programmable
microcontroller from the Arduino series: an open-source electronic prototyping platform. We chose a Boarduino which is simply an Arduino mounted on a circuit board
with pins intended to be plugged into a breadboard for easier testing and readjustments. In addition, the Boarduino comes with a built-in USB plug to facilitate
connection with a computer for both programming (in C++) and input power to the
chip.
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Each part is connected as follows: To avoid damaging the camera by directly
connecting it to the circuitry, we hacked into its remote control where the Boarduino
can send a short electric pulse that mimics pushing the button on the remote. The
downside to this is that the camera must be left on throughout the entire scan. Next,
the piston is moved up or down using a standard Parallax servo motor (. The motor
connects to the Boarduino and an external power supply. We added a flip switch
to be able to turn only the motor on and off as well as a potentiometer (used as a
variable resistor) to be able to manually change the speed and direction of the motor.
Lastly, we placed an aluminum tab near the laser diode that can be swung in front
of the beam to obstruct the light or away from it to allow illumination of the sample.
The flag is controlled by a servo motor that is also connected to the Boarduino and
an external power supply.

Figure 3.5: Synching Camera, Piston, and Laser. Displayed is a schematic of the circuit connecting the piston, laser, and the camera’s remote control, using a Boarduino.
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CHAPTER 4
IMAGE ANALYSIS

4.1
4.1.1

X-Ray CT Images, 3D Analysis
Initial Image Processing

In the initial processing of the reconstructed images, we use ImageJ to eliminate
the remaining noise. First, a threshold is applied to make the color binary, then we
can apply imageJ’s despeckle to remove tiny specks. Next, in IDL the 8 gigabytes
of the complete reconstructed data set is divided up into smaller portions for further
analysis. For the curvature, orientation, and stacking measurements, we use the entire
stack of images. Each ball is split into octants and then each octant is analyzed 100
images at a time. Then stacks of 100 images are also divided up into cubes of 1003
pixels. For the mass distribution however, preserving the connectivity of the surface
is unnecessary so we use 1 image for every 5 images in the stack.
4.1.2

Finding Mass Distribution

We quantify the distribution of mass by calculating the volume fraction as a
function of the distance from the center of mass. Since the sheets were hand-crumpled,
they have imperfect spherical shapes making the center of mass preferable for defining
the middle point. We calculate the coordinate of the center of mass, Rcm , using the
coordinates of each material point, pi = (xi , yi , zi ), in the sheet using,
N
P

Rcm = (

N
P

xi

i=1

N

,

i=1

N

where N is the total number of material points.
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N
P
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,
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i=1

N

),

(4.1)

We divide each sphere into shells of thickness ∆t = 10 pixels (or 3.5t) and count
the number of film pixels per shell, nsh . Then the volume fraction of each shell at
radial distance, r, is

φsh (r) =

4.1.3

4
π((r
3

+

nsh
∆t 3
) +
2

(r −

∆t 3
))
2

.

(4.2)

Curvature

There are several approaches for evaluating the curvature of a three dimensional
surface. Two common methods involve either manipulating unit normals along the
surface (often measured via triangulation) or fitting the surface directly to a smooth
function such as an ellipsoid. We chose the latter because the results produced a
larger range of accurate curvatures. Specifically, the sheet is divided up into small
patches that are each fit to an ellipsoid by nonlinear least squares minimization.
Although it is time-consuming to identify connected points and fit each patch to
an analytic function, the results are much less noisy than taking two derivatives of
an already rough surface. We successfully measured curvature for 50 − 60% of each
crumpled sheet. The details of our methodology and a comparison to the triangulation
algorithm is described in the following sections.
4.1.3.1

3D Edge Detector

Analysis of the geometry begins with outlining the exposed surfaces of the sheet
while eliminating points within the bulk. This effectively shrinks the thickness, t, of a
single sheet into two separate surfaces with t = 1pixel. Thinning the surface facilitates
identifying connected points when splitting up the sheet into smaller patches that
will later be fitted. Fig. 4.1 shows an example of an image with both bulk and
surface points. Here we demonstrate that drawing the outermost points separates
regions where several layers come together into what appears to be one thick sheet
(some surfaces are incorrectly connected and must be later filtered out). Alternative
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algorithms exist where stacked facets are more carefully pulled apart however our
method involves simply applying a 33 mask over the images which is computationally
much cheaper when working with data sets with 20003 pixels.

Figure 4.1: Finding Edges in 3D. Shown is an example of an image showing a crosssection of part of a crumpled sheet whose exposed surfaces have been outlined in
purple. In three dimensions the outline has a thickness of one pixel.

The mask is a three-dimensional edge finder applied over a stack of images that
has been thresholded (and is thus binary) to differentiate between the sheet’s exposed
surfaces and bulk points. The algorithm goes as follows: The kernel goes to every
point with intensity = 0 (or mass = 0) in the data. Then each point’s nearest
neighbors (within a 3 × 3 × 3 enclosing cube) with intensity = 0 are labeled as
either surface or background. There are two different types of neighbors: diagonal or
vertical/horizontal, shown here in a single cross section of the cube:
b

s

b

s

X

s

b

s

b

The s-neighbors are then labeled as surface points (intensity = 1) and b-neighbors
as background (intensity = 0). This method ensures a one pixel thick edge that aids
in breaking up the sheet into smaller sections of connected points.

27

4.1.3.2

Making Patches

The new surface is split up into small patches of connected pixels that will later be
fitted to ellipsoids. The algorithm begins by making a 3 × 3 × 3 cube around an edge
point. All the film pixels in this cube are labeled as patch points. Then a one-pixel
layer is added to the cube, making a 5 × 5 × 5 cube. Only the points connected to the
labeled points from the 1st cube are added to the patch. This step repeats, one-pixel
layer at a time, until the desired size is reached.

n
R

Figure 4.2: Example of a Surface Patch. Shown is an example of a patch cut out of
the surface of the sheet, inside a cube with dimensions = 313 pixels or 113 t. After the
patch is fit to an ellipsoid, the unit normal vectors, n̂, (blue arrow) and unit radial
vector, R̂, (black arrow) are evaluated at each point.

Each patch is within a cube with width equal to 113 t. An example is shown in
Fig. 4.2. This size was chosen to include enough points to detect the curvature of
the sheet, but not too much to stray from an ellipsoidal shape. In the next section,
we discuss the effect of patch size on the measurements of curvature.
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4.1.3.3

Fitting Method: Nonlinear Least Squares

a. i

b. i
c.

a. ii
b. ii
10t

10t

10t

Figure 4.3: Examples of Fitted Patches. Shown are examples of patches fitted to
ellipsoids using a non-linear least squares fit. The blue dots represent points on the
aluminum surface as detected by X-ray tomography and the smooth surface is the
calculated ellipsoid. Two orientations of the same patch are shown in (a)i and (a)ii.
A second patch is similarly shown in (b)i and (b)ii. The patch shown in (c) is an
example of a surface with gaussian curvature.)

4.1.3.3.1

Levenberg-Marquardt algorithm with rotated ellipsoids We use

the IDL routine mpfit ([32]) to perform a non-linear least squares fit via the LevenbergMarquardt algorithm,[36]. The surface patches are fit to rotated ellipsoids, fel (pi ),
with 9 parameters, pi , where i runs from 0 to 8. There are 9 parameters to account for:
the three ellipsoid radii, a, b, c, plus the rotation angles, φ, θ, ψ, and the translations
from the origin, x0 , y0 , z0 . The equation for a rotated ellipsoid is,

1=

(xrot (φ, θ, ψ) − x0 )2 (yrot (φ, θ, ψ) − y0 )2 (zrot (φ, θ, ψ) − z0 )2
+
+
,
a2
b2
c2
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(4.3)

where xrot , yrot , and zrot are the rotated coordinates, [xrot , yrot , zrot ] = R̃ · [x, y, z],
found using Mathematica and the rotation matrix,




cos ψ sin φ + cos θ cos φ sin φ sin ψ sin θ 
 cos ψ cos φ − cos θ sin φ sin ψ


.
R̃ = 
−
sin
ψ
cos
φ
−
cos
θ
sin
φ
cos
ψ
−
sin
ψ
sin
φ
+
cos
θ
cos
φ
cos
ψ
cos
ψ
sin
θ




sin θ sin φ
− sin θ cos φ
cos θ
(4.4)
The fitting routine minimizes the function, χ2 = (fel − 1) using iterative steps
because fel depends nonlinearly on the parameters, pi . The algorithm repeats until
either χ2 stops decreasing or a preset number of iterations is reached.There are two
standard methods for finding the best-fit parameters: the steepest descent method and
the inverse-Hessian method. The L-M algorithm combines these two procedures and
pivots between them depending on the value of χ2 (pi ) compared to χ2 (pi + δp), where
δp is the difference between the current parameters, pcurr , and the new parameters,
pnext , measured by the minimizing equations 4.6 and 4.5. (We must choose the initial
values for pcurr to give the algorithm a point in phase space to start from.)
The inverse-Hessian formula assumes that χ2 can be approximated with a Taylor
expansion of χ2 . In terms of the inverse Hessian, D̃−1 ,

pnext = pcurr + D̃−1 [−∂pi (χ2 )]

.

(4.5)

pcurr

(The Hessian is the square matrix of a function’s 2nd-order partial derivatives: Dij =
pi pj (χ2 ).)And the steepest descent formula uses the slope of the function, χ2 , in phase
space to find the direction of steepest descent:

pnext = pcurr − C ∗ ∂pi (χ2 )

where C is a constant.
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,
pcurr

(4.6)

When χ2 (pcurr ) is close to a minimum, the minimizing parameters can be approximated in one step by assuming the function can take a quadratic form and the inverse
Hessian is applied. Otherwise the best approach is to take a step in a decreasing direction using the steepest descent formula. Examples of patches of the sheet’s surface
fitted by ellipsoids are shown in Fig. 4.3.
After fitting the surface, unit normals at every point are calculated with, n̂ =

∇(fel )
|∇fel |

and the mean and gaussian curvatures are found using equations 1.3 and 1.4.
4.1.3.3.2

Limits of the 3D Curvature Evaluation Due to the large amount

of data, we cannot visually check the accuracy of the minimizing function for every
fitted patch. Instead, we standardize the error analysis by determining the limits of
the L-M algorithm and filtering out results that lie beyond these boundaries. We
first evaluate a maximum χ2 that sets how close fel must approach 1 in order to be
considered a good fit. Next we find the range of curvatures that can be accurately
measured by the L-M algorithm given the amount of data within a single patch.
Lastly, we study the effect of patch sizes on the quality of the fit. By using control
shapes with known curvatures, we can test the limits of the nonlinear least squares
method both by correlating χ2 values with accurate measurements as well as visually
comparing fel with the raw surfaces. Therefore we can ensure that no systematic
errors are being introduced into the curvature analysis.
We begin by calibrating χ2 values with the closeness of fel to the surface geometry.
To set a maximum χ2 , the curvatures of pre-defined shapes are evaluated with the
L-M algorithm and compared to their actual value. In addition, we visually check
the fit for a spectrum of feature types taken from the aluminum sheet, such as sharp
folds, smooth facets, and areas near stacks of facets (using three dimensional graphing
in Mathematica). We can then set the limit, χ2 < 0.1, and thus fits with χ2 ≥ 0.1
are discarded. Once this value was chosen, we checked a more stringent cutoff to
ensure that the curvature distribution was unchanged. The results of two criteria,
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χ2 < 0.1 and χ2 < 0.01, are shown in Fig. 4.4 and reveal that indeed the filter
is unbiased. Next we find the scope of shapes that can be accurately measured.
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Figure 4.4: Comparison of Two χ2 Limits. Using the same data and patch-size = 11t,
the curvature is evaluated and the results are filtered using two limits, χ2 < 0.1 (green
open circles) and χ2 < 0.01 (blue solid diamonds). The data demonstrates that the
χ2 limit does not significantly affect the measured distribution.

The L-M algorithm converges much faster and more accurately for surfaces with
higher curvature. However as the surface becomes flatter, the possible solutions are
degenerate. Since a flat patch can fit on regions with low curvature, many larger
ellipsoids will provide viable minimizing parameters for the same patch. In this case,
the algorithm will wander around phase space until the maximum number of iteration
steps is reached. The resulting ellipsoid does describe a flatter curvature however
this value turns out to be quantitatively inaccurate. We cannot fix this problem by
choosing larger patch sizes because the curvature of the sheet can change quickly over
small regions in space. Instead, we use smaller patch sizes to accurately fit areas with
sharper features and leave out values that are beyond a reliable range. To determine
this range, we use shapes with known curvature: aluminum sheets bent into cylinders
or folded into creases, as well as computer-generated spheres and cylinders, and run
them through L-M algorithm. Fig. 4.5 shows that the measured principal curvatures
with radii of curvature were accurate up to 100t using patches that fit inside cubes
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with dimensions = 313 pixels. Erring on the side of caution, we kept only data with a
radii of curvature < 50t. When the full sheet is divided up into smaller patches, the
120

aluminum cylinders
cylinders
spheres R1
spheres R2

Fitted R1,2/t

100
80
60
40
20
0
0

20

40

R1,2/t

60

80

100

Figure 4.5: Curvature of Test Shapes. Shown are the measured principal curvatures
(using patch-size = 11t) plotted against the known curvatures of several reference
surfaces. The shapes used are aluminum cylinders (solid blue circles), a single sharp
fold of aluminum (solid yellow circle and inset), and computer-generated cylinders
(red triangles) and spheres (green squares). The results show good agreement with
the expected values.

size of these regions needs to reveal just enough geometry to be accurately fitted to
an ellipsoid. As the patches grow in size, the more likely they will include more than
one feature at a time. We must also ensure that the chosen patch-size will not favor
accuracy of certain curvature values and bias the results. We test patches contained
within three different cubes with lengths equal to 7.5t, 11.1t, and 14.6t. Histograms
of the high curvature regions of the smaller principle radius, R1 /t, from each cubesize are shown in Fig 4.6. The graphs from patch sizes 7.5t and 11.1t peak at the
same value demonstrating an agreement at higher curvatures. Then as the curvature
decreases, patch-sizes 11.1t and 14.6t converge. Although we expect larger cube sizes
to return better results for even flatter regions (that are beyond the range of the
graph), we chose to use the cube of edge of 11.1t because our aim is to focus on the
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Figure 4.6: Patch Size Effects. Shown is the histogram of the minimum principle
curvature-radius, R1 /t, for the same data measured using three different patch-sizes
(defined by the cube they occupy). The cubes have lengths, 7.5t (green), 11.1t (blue),
and 14.6(red). The peak in curvature-radius is not a function of patch-size with small
enough sizes (7.5t and 11.1t). Conversely, flatter regions are easier to fit with larger
patch-sizes (11.1t and 14.6t). Thus the chosen size for the data analysis is 11.1t.

areas with the highest stress condensation. Fig. 4.5 also shows that the patch-size
we chose to use gave accurate results when applied to the reference shapes.
4.1.3.3.3

Comparison of Two Fitting Methods We compare the accuracy of

two methods for evaluating the curvature of a 3D surface. The first is the algorithm
described above where patches of the surface are directly fit to an analytic function
such as the equation of an ellipsoid. In the second method, the patch is divided
into a set of connected triangular faces described as a set of vectors normal to each
triangle. Then the curvature is calculated by finding the gradient of these normals
along the surface. Using an IDL function, isosurface, the triangular mesh of each
patch is generated, then smoothed using mesh smooth. Lastly, to find the principal
curvatures, we use the Matlab program, compute curvature [34], (adapted to work in
IDL).
After testing several generated surfaces and patches from the X-ray tomography
data, we conclude that fitting to ellipsoids is more accurate. For comparison, the
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results of two types of patches are shown in Fig. 4.7a and b. The curvature of the
sharp fold, shown in Fig. 4.5, is evaluated. In this case, both methods accurately
capture the minimum principal curvature-radius, R1 , however the ellipsoidal fit shows
a sharper peak. For the larger curvature-radius, R2 , the fits are not expected to return
the correct value, but they need to exceed our defined limit of reliable values so that
they can be filtered out. The curve showing R2 for the triangulation method is
dispersed over a wide range of values including the smaller curvature-radius range.
Not only does this exceed the filter, but it reduces the accuracy of the high-curvature
measurements. A similar problem arises in the case of a flat patch shown in Fig. 4.7b.
In these cases, only the bad fits from the ellipsoidal fit can be fully removed.
a
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Figure 4.7: Comparison of two fitting methods. Shown are the results of measured
radii of curvatures, R1,2 /t, for two sample patches of a) a sharp fold and b) a flat
surface using two methods: the ellipsoidal fit (blue) and triangulation (pink).

4.1.4
4.1.4.1

Surface Normals
Algorithm for a Three-Dimensional Canny Edge Detector

We develop a method to find surface normals along the entire exposed sheet surface. Our algorithm to find surface normals is similar to the 2D canny edge detector
but adapted for three-dimensional analysis. We can determine the surface normal at
all points on the sheet. We can also determine a more complete measurement of the
sheet’s surface orientation.
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We use the basic algorithm for the canny edge detector and adjust it to work
in three dimensions. The first step is to apply a gaussian blur to the images to
reduce the noise. We then calculate the intensity gradient and keep only points with
a local maximum gradient. Finally, some missed surface points are filled in. The
standard canny edge detector uses a hysteresis thresholding (that we will explain
later). However for our data, it is sufficient to use a simple thresholding.
Our adaptation of the 2D edge detector to 3D begins with a noise reducing operation. To smooth the roughness of the surface, we use a convolution kernel that
approximates a Gaussian function with a standard deviation equal to 2. We tested
different Gaussian functions on some sample images to find the one that eliminated
roughness without smoothing out the shape of the surface. The film thickness is
about 3 pixels, so we chose a kernel of length 7. The kernel that gave us the best
results is (for the x-direction),

0.027 0.0648 0.121 0.176 0.199 0.176 0.121 0.0648 0.027

(4.7)

We apply the kernel three times. For the x and y directions, we use the images in the
x-y cross-section of the data stack. We first apply the x-kernel, then the y-kernel. For
the z-direction, we apply the kernel to images in the y-z plane. Different cross-sections
could be used here but the results are very similar.
Once the images are blurred we calculate the gradient at each point. We use a 3x3
sobel edge detector for each component, gx , gy , and gz . The kernel in the x-direction
is,
-1 0

1

-2 0

2

-1 0

1

(4.8)

Once again, we use image slices in the x-y plane for the x and y components and the
p
y-z plane for the z component. The magnitude of the gradient is |g| = gx2 + gy2 + gz2 .
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To pick out the surface points, we find the pixels with the greatest local gradient
in the direction of the gradient. For our images, it is sufficient to only calculate the
gradient vector in one planar direction. We perform the operation in the x-y plane.
First we calculate the angular direction using Θ = arctan( ggxy ).
We then assign each angle to one of the possible eight pixel directions. The angle
range is shown in the corresponding pixel direction here:

112.5◦ − 157.5◦

67.5◦ − 112.5◦

22.5◦ − 67.5◦

157.5◦ − 180◦

X

0◦ − 22◦

-67.5◦ −- 22.5◦

-112.5◦ −- 67.5◦

-157.5◦ −- 112.5◦

(4.9)

For each nonzero point, we find the direction of maximum gradients by comparing
the values of the two neighboring pixels.
The holes in the surface are filled in by thresholding. The typical canny edge
detector uses hysteresis thresholding where two intensity values are chosen and all
points in that range are kept as surface points. However this method retained too
many points from the bulk, thus only a high range value was used.
The 3D canny edge detector described here generates a list of unit normals and coordinates for each point on the surface of the sheet (that is exposed to air). Using this
list, we can now determine sheet orientations and quantify the stacking throughout
the crumpled ball.

4.1.4.2

Finding Orientation and Stacking Thicknesses

Every point, (x, y, z), along the surface of the sheet can be defined by a unit
normal vector, n̂(x, y, z), and a radial unit vector, R̂(x, y, z), pointing from the center
of mass (calculated using the whole sheet’s distribution of mass), as shown in Fig.
4.2. These vectors are used to define the orientation of the crumpled surface using,
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|n̂ · R̂|. Thus orientations equal to 1 means the surface is aligning along the spherical
boundary and conversely orientations equal to 0 are perpendicular to it.
Next we use n̂(x, y, z) to find the number of facets stacked between two parallel
surfaces by looking in the normal direction of each surface point, at a distance of up to
16.1t. When another surface point is intersected, we find the dot product of the two
surface normals, nˆ1 and nˆ2 . We define a stack when the surface normals are parallel
and point in opposite directions, n̂1 · n̂2 ≈ −1. Due to the noise of the surface, we
extend this value to −1 ≤ n̂1 · n̂2 < −0.97. For every stack, the amount of film pixels
between them is counted along with the distance separating the two edges. Using
the known sheet thickness, we can easily count the corresponding number of facets
layered within each stack.

4.2

Optical Images: 2D Analysis

The images obtained using the optical set-up represent cross-sections through the
center of the cylindrical container. We chose to focus on this single slice of the volume
in order to skip the time-consuming surface reconstruction and thus all analysis is
preformed in two-dimensions. The benefit of staying in 2D is that a larger range of
volume fractions can be tracked. Specifically, we focus on several quantities including
local and global ordering as well as curvature and thus elastic energy. Leaving out
the third dimension does in fact overestimate the alignment and distort the curvature
values but we can still investigate trends from one degree of compression to another,
without determining the 3D geometry of the sheet at every step.

4.2.1

Initial Image Processing

The initial image processing begins with running the images through ImageJ to
reduce noise before further analysis in IDL. We make two types of images: grayscale
and binary, as shown in Fig. 4.8.
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Figure 4.8: Initial Steps of 2D Image Processing. Shown is the evolution of a raw
image (a) into its red channel only (b) followed by either smoothing (c) or thresholding
(d). Images (c) and (d) are then used for finding curvatures, orientations, and density
distributions.

The grayscale images come from splitting the color channels of the original pictures
and keeping the red channel only in order to keep the fluorescent yellow emanating
from the sheet and remove the green that scatters from the container and other
particles. After this, the images are blurred to soften the noise and roughness of the
edges. The darkest (background) regions are brightened to reduce contrast and then
a mean filter with pixel-size = 10 is applied. The resulting image contains smoothly
varying gray-scales ideal for finding accurate normal vectors on the surface however
it should be noted that due to the pixel size chosen in the mean filter, the sheet’s
thickness appears greater than in the original pictures, as can be seen in Fig. 4.9.
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We also produce a binary image of each cross-section by applying a simple threshold where black pixels represent areas containing PDMS and white pixels are background points. These are primarily to help determine where the mass is distributed.
Using these versions of the pictures, we find surface normals and extract (2D)
curvatures, orientations and their correlations.
4.2.2

Edge Finder and Unit Normal Vectors

Figure 4.9: Edge Finder in Two-Dimensions. Shown is an example of the resulting
edge detecting algorithm where the surface of the sheet is outlined using the gradient
of grayscale in two dimensions. As a consequence of maintaining smooth lines, the
thickness of the sheet becomes slightly increased.

We find the exterior surfaces of the sheet and the unit normal vectors simultaneously by using a canny edge detector. The algorithm is similar to the one we used for
the 3D analysis without the ŷ-dimension. First, we reduce noise using a kernel that
approximates a Gaussian function. Then we apply a sobel edge detector to measure
the gradient at each point. And thirdly the angular direction of the normal vectors
is evaluated. While in 3D we applied a simple threshold, in 2D we follow the standard step of a hysteresis thresholding that includes both a minimum and maximum
limit. These values were chosen using trial and error and comparing the results with
the original pictures. The maximum limit is the average gradient plus 2 times the
standard deviation. The minimum step is the average gradient minus 1/3 times the
standard deviation. Points with gradients above the maximum limit were reincorpo40

rated into the list of surface coordinates and unit vectors while points with gradients
below the minimum values are omitted. An example of the results of outlining the
edges of the sheet are shown in Fig. 4.9.
4.2.3

Global Ordering: Alignment Along the Container

Figure 4.10: Cross-Section in 2D. Shown is the top and side view of a flat sheet
inside a cylinder. From one cross-section the sheet appears to be aligned with the
curved walls even though it is askew. This example demonstrates that the alignment
is overestimated when evaluated in 2D.

The extent of alignment with the confining walls is measured by correlating the
unit normal vectors, n̂(x, z), of the sheet either with the surfaces of the piston and
floor of the cylinder in the ẑ-direction, or with the side walls of the cylinder in the
x̂-direction. The alignment is quantified using, |n̂ · ẑ| and |n̂ · x̂|.
In order to track the effect of the walls as the sheet is increasingly confined or
released, the average over the entire cross-section, < |n̂ · ẑ| >A , is calculated for each
aspect ratio, A. For a closer look at the role of the container’s geometry, the average
alignment is measured as a function of proximity to the moving wall. Depending
on the crushing geometry, either the height, h, (axial) or the diameter, d, (radial)
is divided into ten sections and the alignment is averaged over each section, < |n̂ ·
ẑ| >∆h/h and < |n̂ · x̂| >∆d/d , where ∆h = 0, h sits at the piston and bottom of the
cylinder respectively, and ∆x = 0, d travels from the left to right cylinder walls.
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In the above analysis, the alignment with the boundaries is overestimated because
the information in the x̂-direction is absent. For example, a flat rectangle embedded
in a cylinder as shown in Fig. 4.10 may appear parallel to the side walls in one crosssection when in fact it is askew. Although a single cross-section does not provide a
complete picture of the sheet’s geometry, the change in alignment can be tracked over
a large range of volume fractions.

4.2.4

Local Nematic Order: Correlation Functions

n1

d

n2
n1

liq
mat
S

Figure 4.11: Two-Dimensional Edge Detection. Images are divided into three distinct
regions: the external surface (pink) and the bulk material (blue) have m(mat) =
m(S) = 1 and the surrounding liquid (white), where m(liq) = 0. Surface normals,
n̂i , are measured along the external surfaces. and correlated for separation distances,
d, that vary from 1 to 40t along the normal directions.

To measure local ordering or stacking, we first divide the cross-sectional images
into three regions: fluid points, where m(~x) = 0; material points, where m(~x) = 1;
and surface points, where m(~x) = 1 and ~x  S (see Fig. 4.11). Then pairs of surface
normal vectors are correlated. Each pair is separated by a distance d that varies
from 1t to 40t along the normal directions as depicted in Fig. 4.11. We define the
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correlation to be a maximum when two or more facets are aligned and in direct
contact. That is, the more fluid separates the exposed surfaces, the less correlated
the facets are. Including the total number of pixels of fluid in the normalization helps
distinguish global alignment with localized ordering. The total number of surface
points in each image is NS . We use two normalization factors in the normal-normal
correlation function: the total number of pairs of surface points in the correlation
function, Npair , and the total number of liquid points between each pair, Nliq . We
define a normal-normal correlation function,

NS
X
1
Cn (d) =
(|n̂i · n̂(~
xi + n̂i d)| + |n̂i · n̂(~
xi − n̂i d)|)
Npair + Nliq i=0

~xi  S

(4.10)

n̂(~xi ) = n̂i

In addition to comparing pairs of normal vectors, we quantify the change in stacking thickness by finding the decay of density from each surface point. We calculate
the average amount of mass (m(~x) = 1) or density a distance, d, away from each
point on the surface, ~xi in the normal direction, n̂i Using the total number of surface
points, NS , we define the density correlation function,
NS
P

Cm (d) =

m(~xi + n̂i d) + m(~xi − n̂i d)

i=0

2NS

x~i  S

(4.11)

n̂(~
xi ) = n̂i

For comparison between crushing geometries and φ on local order, we find an
average value of the correlation functions and estimate the amount of stacking in
each image.
Cn =

3t
X

Cn (d)

(4.12)

Cm (d).

(4.13)

d=2t

Cm =

4t
X
d=3t
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The average is taken over a range of values located right after the peak in the correlation functions. The function Cn (d) peaks near d = t and the function Cm (d) peaks
near d = 2t.

4.2.5

Curvature

Figure 4.12: Finding 2D Curvatures. Displayed is the main idea behind the algorithm
for measuring 2D curvature. A box is drawn around a point, p(x, y), represented as
a blue dot. Lines are drawn against the normal vectors of p(x, y), denoted by np
and the surrounding surface points, denoted by nbi , (only four are shown for clarity)
within the box. We use the intersection of these lines to estimate the curvature-radius
at the blue point.

The two-dimensional curvature of the sheet is evaluated for each cross-section. The
algorithm essentially fits circles to the curves. The accuracy of this fitting routine was
mainly verified by comparing curvature values with circles placed over the images.
The drawn edges, along with their unit normals, are used in the following algorithm: 1. A box with size 80 × 80 pixels is framed around each point, p(x, y), and all
points inside the box, bi (x, y), are collected (i goes from 0 to the maximum number
of points within the box). 2. The unit normal vectors, n̂p and n̂bi are used to draw
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lines passing normal to the surface, as shown in Fig. 4.12. 3. The intersection points,
ai (x, y), between the line across p(x, y) and all the neighboring lines are calculated.
4. The euclidean distances, di and dp , are found. di measures the distance between
each bi (x, y) and ai (x, y) and dp is the distance between p(x, y) and ai (x, y). 5. We
keep lengths that satisfy, di ≈ dp to within 0.2 pixels. The average of these remaining
points represents the curvature-radius at p(x, y). Values that are smaller than the
thickness of the sheet are filtered out. Curvature-radii greater than 110t are set equal
to 110t because these flatter regions are too noisy to accurately measure.
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CHAPTER 5
RESULTS

5.1

Three-Dimensional Structure of an Aluminum Sheet Crumpled Into a Ball

Figure 5.1: Shown are the cross-sections of aluminum sheets crumpled into three
average volume fractions: (from left to right) φ = 6%(Ri = 3.5cm, R0 ≈ 0.72cm),
8.5% (Ri = 5cm, R0 ≈ 0.82cm), and 22% (Ri = 7cm, R0 ≈ 0.75cm).

Our first experiment is a study of static crumpled sheets. We quantify the spatial
dependence of the sheet’s density, orientation, curvature, and local nematic ordering,
and look for fingerprints of the method of crumpling in the final configuration. Using
X-Ray computerized tomography (CT), we were able to peer inside the structure and
find the radial dependence of the listed metrics of the geometry.
Aluminum sheets with thickness, t ≈ 25.4µm, cut into circular shapes with initial
radii, Ri (see Table 2.1) were hand-crumpled to achieve spheres with final radius,
R0 and three average volume fractions of φ ≈ 6, 8.5, and 22%. An example of the
images produced from X-ray tomography are shown in Fig. 5.1. The resolution of
these images is 8.85µm ≈ t/3 per pixel and thus the location of the material within
the volume is fully resolved.
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5.1.1

Mass Distribution
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Figure 5.2: Mass Distribution within a Sphere. a) Displayed in blue is the radial
dependence of φ(r) for 9 sheets crumpled to φ = 8.5% and normalized by their average
volume fraction, φ versus r/Ro . The black curve is the sample average, with standard
deviation error bars. Despite the variation from sample to sample, the average shows
a 30% increase in density between the inner and outer shells in the sphere. b) The
radial mass distributions of φ = 6, 22% (red and orange curves, respectively) are
shown with the average from (a), normalized by φ.

We begin by quantifying the sheet’s positioning in the sphere by measuring the
radial dependence of the volume fraction, φ(r). The mass distributions of nine different sheets hand-crumpled to the same average volume fraction φ = 8.5% are shown
in Fig. 5.2a. The curves demonstrate the high variability between samples but their
averaged distribution, represented by the black curve, clearly displays an increase in
density towards the exterior layers of the spheres. The average difference in density
between the center of the ball and the outer wall is about 30%.
In previous research the assumption was that the mass was evenly dispersed.
Several studies measured fractal dimensions, assuming a homogeneous distribution,
in order to describe the distribution of confined sheets with both high plasticity and
dissipation due to friction [28], [21], [4]. By using the mass averaged over the entire
crumpled ball, M they measured the initial length of the sheet, L and the radius of the
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resulting crumpled sphere, Rsp , and found the fractal dimension using the equation,
M = ρL2 = R(D) . In light of our results showing heterogenous mass distribution,
instead of using M to measure a fractal dimension, the surface area at a constant
radius and thus constant average mass of the sphere should be used.
Beyond φ = 8.5%, we measured the distributions in higher and lower φ’s. After
normalizing the curves, a similar trend was found for sheets crumpled to φ = 6% and
φ = 22%, Fig. 5.2b. Although we expect the density to reach homogeneity at very
large volume fractions, over the range measured, the functional dependence on radial
distance does not change significantly. This suggests that the density profile is set by
the length scale R0 of the confinement - rather than by the elastic properties of the
sheet.
Orientation
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Figure 5.3: Orientation. The local orientation of the sheet, |n̂ · r̂|, is evaluated for φ =
6, 8.5, and 22% (red, black, and green symbols respectively). The data representing
φ = 8.5% is an average of two spheres. a) A histogram of the orientation values shows
an isotropic distribution with a slight tendency to align with the radial vector. b)
The spacial distribution of the average orientation versus the distance from the center
of mass is shown. The solid line plotted where |n̂ · r̂| = 0.5 represents the average of
an isotropic distribution of orientations.

Next we look for the effect of the compression forces and boundary geometry in
the local orientation of the sheet. The alignment is quantified by first finding the
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normals, n̂, along the surface and then taking their dot product with the unit vector,
r̂, from the center of mass the sphere, |n̂ · r̂|. A histogram of |n̂ · r̂| is shown in Fig.
5.3a. The curves show an isotropic distribution of orientations, with a slight tendency
to align in the azimuthal direction (where |n̂ · r̂| = 1).
In addition to the overall distribution, the spatial distribution of the orientation
does not depend on proximity to the crushing boundary as is shown in Fig. 5.3b where
the averaged |n̂ · r̂| is plotted against the normalized radial position, r/R0 . In this
case, |n̂ · r̂| remains close to the value expected for random orientation (|n̂ · r̂| = 0.5).
Although we may expect the sheet to align along the spherical walls in order
to pack more efficiently in areas of higher density, our results demonstrate that the
orientation is both isotropic and homogeneous throughout the volume. Thus the explanation for the density gradient is probably not due to the sheet assuming the radius
of curvature of the confinement in the outer layers. For the most part, the crumpling
process does not break symmetry between the azimuthal and radial directions and
the sheet avoids alignment along a single orientation.

5.1.3

Curvature

We evaluate the curvature to describe the extent of the deformations of the sheet
as well as the spatial distribution of the sharpest features within the crumpled ball.
For materials such as aluminum that deform plastically when strained past their yield
point, the curvature of the crumpled surface is not a measure of the elastic energy
stored in the membrane. In addition to plasticity, the friction caused by sheet-tosheet contact points will also dissipate the input energy. Therefore the curvature
measurements simply outline the local geometry of the sheet.
We measure the curvature by dividing the sheet into connected patches of the
surface and then fitting an ellipsoid to each patch to obtain the principal radii of
curvature, R1 and R2 (> R1 ), at each point. Other methods such as Delaunay tri-
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Figure 5.4: Histogram of the Radii of Curvature. Shown is the histogram of the highcurvature regions of spheres with φ = 6, 8.5, and 22% (red, black, and green symbols
respectively). The data for 8.5% is an average of two spheres. The reconstructed
image of a slice through a sphere with φ = 8.5% is shown to provide a sense of the
scale for the radii of curvature values. The open circles drawn in have radii that
represent the values of (from left to right) the peak of R1 , rc for φ = 8.5%, and the
limit of reliable measurements (the solid circle, with radius = 16.1t, is the search
radius for the stacking measurements). The graph shows the normalized histogram
of the larger and smaller principal radii of curvature R1 and R2 in units of t. Values
between 3t and 50t are shown. The histograms peak at R1 /t ≈ 10 for all three volume
fractions. The vertical dotted lines denote the cutoff for high-curvature values for each
φ.

angulation that begin by finding the vector field of the surface normals, n̂, and then
evaluating the curvature, are less accurate than directly fitting a smooth function to
the noisy patches. With our chosen fitting routine, we can reliably measure radii of
curvatures with values below 50t and thus focus our analysis on this range (see section
4.1.3.3.2). For three volume fractions, we plot the histogram of these high-curvature
values displayed in Fig. 5.4, and find a peak at R1 ≈ 10t that is independent of φ. For
a visual reference, we include an image of a reconstructed slice through the volume
along with drawn open circles with radii = 10t and = 50t in Fig. 5.4. The radius of
curvature at the peak is much smaller than the value needed to introduce plasticity
in the aluminum which is about 250t (which is inferred from aluminum’s yield stress
of 145 M P a [3] and the corresponding yield strain). This result indicates that once
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folds reach a curvature-radius ≈ 10t, the sheet will create new features rather than
continue compressing to higher curvatures.
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Figure 5.5: Spatial Distribution of High-Curvature Regions. a) The fraction of folds
and vertices (points with at least one high-curvature direction) versus the normalized
distance from the center of mass, r/R0 . b) The fraction of points at the vertices (two
high-curvature directions) versus r/R0 . Both graphs show that the folds and vertices
are homogeneously distributed.

For measuring the distribution of highly deformed regions throughout the crumpled ball, we evaluate the fraction of surface points with one or both principal radii
of curvatures that lie below a cutoff radius. The cutoff radius, rc , for each φ is chosen
to be the radius where the histogram falls to half the value of the peak, as denoted by
the dotted lines in Fig. 5.4. Obviously, the amount of high-curvature points identified
depends on the chosen threshold for rc . Using our chosen definition, these points are
associated with either folds or vertices if they have respectively one or both principal
radii of curvatures below rc . We find that the fraction of folds in the sample with
φ = 8.5% is 37% while the fraction of vertices is 4% (see Fig.5.5). The large fraction
of points with high curvature indicates that stress condensation is incomplete and
thus the sheet is not composed of mostly undeformed and flat area. The fraction of
both folds and vertices or R1 < rc as a function of radial position are shown in Fig.
5.5a. The fraction of vertices only or R1 < R2 < rc are shown in Fig. 5.5b. The
graphs indicate homogeneously distributed folds and vertices throughout the volume
for all three φ’s. By contrast, crumpling in two dimensions [16] results in different
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curvatures in the bulk and near the boundary where the confined object aligns with
the outer walls. Unlike in the 2D analogue, the aluminum sheet inside a sphere cannot
align along a wall with Gaussian curvature without stretching.

Nematic Order
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Figure 5.6: Nematic Order in φ = 8.5%. Stacks with m layers are identified for
φ = 8.5%. Displayed is the fraction of stacking versus the distance from the center of
mass for m = 3, 4, 5, 6, and 7 (darkest to lightest colors respectively). The stacking
increases in the radial direction for all m. Inset: The probability of orientations for
the whole surface (red plus sign) and just the stacked regions (blue crosses). Both
have isotropic distributions.

Beyond the local descriptors of the geometry, we turn to a striking feature of the
reconstructed x-ray images: the regions where multiple layers of the sheet align into
local stacks. Similar features have been observed in simulations and are an indication
that the crumpled configuration is determined in part by the sheet’s self-avoidance,
[43], [41]. In our analysis, we quantify this local ordering by correlating the 3D surface
normals, n̂, along the sheet. From every surface point, we search along the normal
direction for other surfaces in parallel alignment up to a radial distance = 16t. The
search radius is represented by the solid circle in Fig. 5.4. Once parallel surfaces are
labeled, we count the number of sheets layered in each stack, m. The most common
stacking occurs with two sheets but we find stacks with thicknesses of over 7 sheets.
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Since the orientation of the stacks are uncorrelated and thus break orientational order,
we refer to this type of order as nematic (as opposed to smectic).
In Fig. 5.6, the fraction of surface points in stacks composed of m = 3 to 7 are
plotted as a function of radial position, r/R0 for φ = 8.5%. This data demonstrates
an approximately linear increase in localized stacking in the radial direction. The
average ordering of all three φ’s follow a similar trend, shown in Fig. 5.7a. However a
closer look at m for each φ, shown in Fig. 5.7b, reveals that the probability of thicker
stacks increases with the degree of compression. For all three volume fractions we
study, the probability of m = 3 is comparable while the stacks with m = 6 develop
more strongly with increasing φ. Therefore the thicker stacks could be a result of
accretion or folding of thinner stacks rather than a strong increase in the overall
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Figure 5.7: Nematic Order in φ = 6, 8.5, 22%. a) Shown is the overall fraction of
points participating in stacking for each φ as a function of the distance from the
center of mass. Stacking increases approximately linearly towards the exterior layers
of spheres. b) Two stacking thicknesses m = 3 and 6 are plotted for three volume
fractions showing that although the average nematic order remains the same, thicker
stacks are formed with increased compression.

The layering found in these structures may be contributing to the crumpled sheet’s
structural rigidity. Previously, the high buckling strength of the ridges were given the
main role of resisting further compression but the spontaneously formed local nematic
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ordering may contribute to the mechanical strength of crumpled sheets alongside the
folds by providing the structure with thicker walls to stabilize against external forces.
The force threshold for Euler buckling of a planar region or to buckle a ridge into
smaller ridges [18], scales with the bending modulus of the sheet which grows as t3 .
By comparison, the buckling of a stack with m layers scales as (mt)3 , assuming the
layers are not able to slide relative to each other. Furthermore, although the stacks
spontaneously forms under radial compression, these regions orient isotropically as
is shown in Fig. 5.7. Thus locally aligned layers can allow the sheet to resist both
compression and shear forces in all directions. The mechanism by which these layers
strengthen the sheet may involve both friction and plasticity. The frictional force
prevents slipping of one facet over another while the creases in the surface may be
trapping the stacked regions. However for a complete understanding of the local
response to external crushing, dynamical measurements are necessary and exceed the
scope of what we can achieve with the X-ray tomography set-up.
In conclusion, the static configuration of a sheet confined in a sphere does not
reflect the method of confinement or the shape of the shrinking boundary (over the
range of volume fractions studied). Interestingly, despite the low-symmetry path
to the final state, the sheet maintains an approximately homogenous and isotropic
geometry.
This work provides a complete three-dimensional view of several descriptors of
the geometry of a crumpled sheet and prompts many new questions and tempting
avenues for future experiments. Some areas to investigate include the role of material
properties such as the plasticity and frictional force, as well as the importance of
the shape of the boundary. A spherical wall imposes a Gaussian curvature and thus
creates geometrical frustration for a planar surface, preventing possible alignment
along the external edges. In addition, all deformations in these sheets were irreversible
leaving no opportunity for the configuration to rearrange into a lower energy state.
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With these questions in mind, our study on confined aluminum sheets motivate our
second experiment that focuses on ordering and alignment in a low-friction system
using elastic sheets.

5.2

Elastic Membranes Crumpled Inside a Cylinder

z
x

Axial

Radial

h

laser
sheet

laser
sheet

d

Figure 5.8: Crushing Geometries. Displayed is a schematic of the experimental set-up
with images of a cross-section in the X-Z plane through each cylinder illuminated by
a green (532nm) laser-sheet. The left cylinder shows the Axial geometry where a
piston decreases or increases the height between h ≈ 4cm to 1cm. The right cylinder
demonstrates the Radial geometry where the diameter is reduced within d ≈ 4cm to
2cm.

The focus of this work is to study the development of orientational order within
a crumpled membrane and investigate the role of the geometry of the confinement
as well as the degree of compaction. In other words, we track the local and global
ordering in the arrangement of the deformed membrane as a function of the aspect
ratio and the volume fraction. We perform an experiment on a crumpled system with

55

reduced effects of plasticity and friction, and confine the sheet within a container with
zero Gaussian curvature.
The schematic of the experiment is depicted in Fig. 5.8. Polydimethylsiloxane
(PDMS) sheets with Young’s modulus ≈ 1.4M P a are placed inside cylinders that
shrink either axially or radially. We use a piston controlled by a motor to crush the
sheet axially and can accurately adjust and reproduce the position. For this geometry
we begin by reducing the height in discrete steps towards a minimum value. Then
we pull the piston back to the initial height. The radius of the cylinder is manually
controlled and is most accurately varied in decreasing steps.
In both cases, the volume is varied in discrete steps and with a waiting time, τw ,
to allow the sheets to relax. For most of the data shown, τw = 10 minutes when the
majority of the readjustments have been made.
The membranes are labeled with fluorescent dye, Rhodamine B, and the set-up
is immersed in an index-matching fluid, dodecane, to reduce friction and to allow
illumination of a single cross-section through the crumpled structure. We define the
aspect ratio, A =

h
,
(d/2)

and volume fraction, φ =

tAsheet
,
V

where the confining volume

is V = π(d/2)2 h.

5.2.1

Curvature

Before discussing the global and local ordering of the PDMS sheets, we compare
the 2D curvature measurements of the elastic sheets with the aluminum sheets. In
Fig. 5.9a, the histogram of the 2D curvature of radius values, R2D , is shown for a
single cycle of crushing and uncrushing steps for a PDMS sheet. Similarly to the
trend found in aluminum foil, the histogram shows a peak near the same value for
each φ. In addition, the peak becomes sharper with increasing compression. Again
we find that the surface bends to the same preferred value of curvature for varying φ.
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Figure 5.9: Two-Dimensional Curvature. a) Shown is the 2D radius of curvature
measurements for a single cycle of a PDMS sheet crumpled in the Axial geometry
from φ ∼ 9% (dark blue curves) to 21% (black curves), with the steps in between
(light blue curves). The peak near R2D = 9t becomes sharper with increasing φ. b)
The histogram of R2D for the maximum and minimum compactions of PDMS are
shown (black and blue curves respectively), along with the values evaluated from a
single image from each φ in the Aluminum sheets used in our previous experiments,
where φ = 22%, 9%, and 6% (green, purple, and red respectively). Both materials
show a single peak in the normalized histogram (with the exception of Al φ ∼ 6%).

In Fig. 5.9b, we show the PDMS data along with the results of the same 2Danalysis of the aluminum curvature. Both types of membranes display a similar peak,
demonstrating that curvature is a localized quantity, independent of confinement
geometry and even of material properties. Meanwhile an explanation for the value at
which the peak occurs remains unclear. Both sheets have similar thicknesses making
it difficult to rule out the importance of the geometry. A 3D measurement of the
principal curvatures for the PDMS would more accurately quantify the curvature
value at the peak.
The probability distribution of curvature values of both PDMS and aluminum are
shown in Fig. 5.10. Here, we show that the curvature is more focused in the PDMS
than in the aluminum. We expect this result since the deformations in the PDMS
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can move and adjust, in order to condense zones of high curvature and maximize the
undeformed regions.
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Figure 5.10: Curvature and Energy. The probability distributions of curvatures found
in aluminum and PDMS sheets at various volume fractions are compared. The solid
lines denote the values for aluminum and the dots represent PDMS. This graph shows
higher curvature localization in the PDMS membranes. The vertical dotted line
denotes the peak-value from the histograms in Fig. 5.9. Inset: Graphed is the twodimensional bending energy, (C2D )2 /t2 , for a single run from φ = 9% (dark blue) to
φ = 20% (black). The energy increases with increasing volume fraction.

In the case of deformed aluminum films, the plasticity and high frictional forces
between surface to surface contacts dissipate the energy as the sheets are crumpled.
Thus, the resulting curvature is no longer a measurement of the stored bending energy.
By contrast, the curvature in the PDMS membranes does provide a measurement of
the bending energy stored in the folds. However, since we are analyzing cross-sections
of the sheet, we estimate the total energy in two-dimensions using, (C2D )2 /t2 . We
graph the evolution of the 2D energy in the inset of Fig. 5.10 for a sheet that was
confined from φ = 9% to φ = 20%. This graph suggests that the energy may be
increasing with φ however, a more in-depth analysis is needed.
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Figure 5.11: Horizontal Cross-Section. Shown is a single image showing a horizontal
cross-section of a PDMS sheet within a cylindrical container with height = 3.5 cm and
diameter = 2.5 cm. Although this image is blurry, we can see the sheet’s alignment
along the curved walls.

5.2.2

Alignment with Confining Boundaries

We study the effect of the geometry of the confining walls on the overall orientation
of the sheet. First we determine the unit normals, n̂, along the surface of the sheet.
Then the local alignment with the boundaries are quantified by taking the dot product
with ẑ or x̂, the directions of the top or side walls. We note that n̂ is the 2D
projection in the XZ-plane of the true 3D normal to the sheet and thus the alignment is
overestimated (a more detailed discussion can be found in the image analysis chapter).
However, we can focus on the change in alignment as the membrane is compressed
and any systematic trends with φ or A should be treated as significant even if the
absolute value of the alignment is affected by using a 2D analysis.
In addition to crushing the sheet with a flat piston, we also take a few measurements using a piston with gaussian curvature, shown in the inset of Fig. 5.12.
We track the average alignment with the boundaries as a function of A. In Fig.
5.12a, we plot |n̂· ẑ| averaged over the entire cross-section for sheets crumpled then uncrumpled in the axial geometry, showing that alignment increases with aspect ratio.
For each A, we show two data symbols representing images taken immediately after a
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Figure 5.12: Average Alignment. a) Displayed is the average alignment per image,
in the z-direction, for sheets confined in the axial geometry with varying relaxation
times, τw , between each step. The blue rectangles are a visual representation of the
variation between the maximum and minimum A. Each curve shows a growth in
the orientation in ẑ as A decreases however, the initial alignment determines how
much the sheet will re-adjust to align along the growing boundary. In addition, the
sheet maintains memory of its initial configuration as it returns to a similar average
alignment. The relaxation time, τw , appears to have little effect on the evolution of
orientation. As reference, we denote the value of isotropic orientation in 2D with the
dotted line. b) Total average alignment for the confinement geometries: Axial, Radial,
Axial with two sheets, and Hemisphere (red, blue, green, and pink respectively). The
curves indicate increasing orientational order along the boundary with greatest surface
area. The axis on the right is included to show that as alignment increases in one
direction, it will proportionally decrease in the other.

step and just after τw before the following step. Even though subtle reconfigurations
occur over this time, the changing alignment is not sensitive to τw . A significant
feature is that the initial conformation of the sheet effects the degree of change in
< |n̂ · ẑ| >A . However the sheet always returns to a value not far from the initial level
of alignment.
In Fig. 5.12b, a larger range of aspect ratios is shown including experiments from
both axial and radial crushing geometries that span both sides of A = 2 which denotes
a square cross-section. At large A where the side walls have the greatest surface area,
the normals align towards x̂, while at large A where the flat walls dominate, the
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normals align with ẑ. In Fig. 5.11, an image of a horizontal cross-section of the
cylinder more clearly displays alignment of the sheet with the curved boundary.
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Figure 5.13: Spatial Distribution of the Alignment. a) Displayed is the average
alignment along ẑ as a function of the distance,∆h, from the moving boundary. The
distance is normalized so that ∆h/h = 0 is at the piston and ∆h/h = 1 is at the
bottom of the cylinder. We show several steps (in light blue) in a single run of
a sheet crushed axially between φ ≈ 9.6% (dark blue) to φ ≈ 22% (black). The
alignment is greatest near the flat boundaries and grows inward. When uncrushed,
the configuration returns to its initial distribution of alignment. Similar behavior is
found in the other crushing geometries b) Radial, where ∆x = 0, d at the left and
right cylinder walls respectively, and c) Hemisphere where ∆R = 0, h at the piston
and bottom of the cylinder respectively.

We look more closely at the increasing alignment within the volume, as a function
of distance from the moving boundaries. In Fig. 5.13a, an example of the axial
crushing geometry is shown where |n̂ · ẑ| is averaged over the horizontal position as a
function of the distance from the top wall, ∆h/h. Even in the initial, least-crumpled
state (denoted by the dark blue curves), there is alignment near the flat walls (top and
bottom). As the piston moves down, the alignment increases everywhere in the bulk
(shown in light blue) until the the most compressed state is achieved (black curves)
where the highest alignment is reached. This trend is reversed when the piston returns
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to the initial (and maximum) height. In Fig. 5.13b, we show similar results for a
sheet confined in the radial geometry, where |n̂ · x̂| increases with shrinking radius.
We also find boundary alignment when the flat piston is replaced by a hemispherical
cap, shown in Fig. 5.13c. These examples demonstrate that the tendency to align is
much stronger than in the case of crumpling an aluminum sheet in a sphere where
the entire boundary has gaussian curvature.

5.2.3

Nematic Order and Stacking

Our analysis of alignment along the direction of the crushing boundaries demonstrates that orientational order can be imposed externally. But as we found in aluminum sheets crumpled in a sphere, this global ordering is not a prerequisite for the
sheet to layer into localized stacks. We therefore look for local order that is different
from the overall ordering induced along the direction of the walls. For this analysis,
we differentiate between lamina that are parallel but spread out and lamina that
are closely packed and consider the normal-normal correlations, (< n̂ · n̂ >), rather
than correlations between the sheet normals and the normal to the boundary (e.g.
< |n̂ · ẑ| >).
We pair surface normals separated by a distance d that varies from 1 to 40t
along the normal directions and find two quantities: the normal-normal correlation
functions, Cn (d), and the density correlation function, Cm (d). The function Cn (d)
measures |n̂1 · n̂2 | of pairs of surface points, p1 and p2 separated by a distance d in the
direction of n̂1 and divided by the amount of fluid between the surfaces. Therefore two
points that enclose mass have higher correlation than points that also enclose fluid.
The second measure of local stacking, Cm (d), measures the average mass bounded by
the pair of points, again in the n̂1 -direction. These equations are discussed in detail
in Sec. 4.2.4.
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Figure 5.14: Correlation Functions. Displayed is a) the normal-normal correlation
function, Cn (d) and b) the density correlation function Cm (d), for a sheet crumpled
axially from φ = 10% to φ = 20% (dark blue and black). The curves are normalized
to decay to zero at long d/t. Both graphs show the correlations decaying more slowly
as the sheet is confined to higher φ, indicating an increases in local nematic order.
Insets: The correlation functions measured from a 2D cross-section of an aluminum
sheet crumpled into a sphere.

In Fig. 5.14a and b, the (normalized) correlation functions of a sheet crushed
in the axial geometry are shown. By comparing the curves for the minimum φ (in
blue) with the highest φ (in black), we find that both the orientational and density
correlations decay more slowly with compression, indicating that the stacks grow
with φ. For comparison, we find the same quantities for the crumpled aluminum
balls (using a single reconstructed image for each φ), and display the results in the
inset of Fig. 5.14. The evolution of the aligned states are qualitatively similar for the
spheres however in that case, the overall orientation remained isotropic.
To track the local stacking as a function of the applied confinement, we construct
a scalar quantity from each of the correlations by averaging Cn (d) and Cm (d) over the
range within the dotted lines drawn in Fig. 5.14. The averages, Cn and Cm can then
be plotted against various quantities that describe the packing geometry in relation
to the shape of the boundary or the confined density.
In Fig. 5.16a and b, we show Cn plotted as a function of φ and A for all crushing
geometries. The stacking clearly increases with φ in each experiment however the
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Figure 5.15: Average Normal-Normal Correlation Function. a) Plotted is Cn compared to φ showing that the stacking grows monotonically with the amount of crumpling. b) Plotted is Cn versus A. The black arrow points in the direction of increased
confinement for sheet in the Radial geometry (red). This direction is unlike the other
geometries that decrease in A as φ increases. The graphs indicate that the density more strongly determines local layering of the sheet than does A or the global
alignment.

trends in A are more complex. Most of the curves show that stacking increases as one
wall becomes dominant or as A deviates from A = 2. The exception is found in the
cylinders that span the largest range of A. In this case, stacking is not induced while
A < 2 - even though stacking is found in the radial geometry at this extreme - and only
increases later when φ reaches higher values. Both φ and A change simultaneously
and thus we cannot completely distinguish their role in the sheet’s localized nematic
order. However we can conclude that the effect of φ is stronger than that of A.
Next we look for a more generalized quantity to describe a sheet packed into
differently shaped containers as well as one that is independent of thickness, t. As
was stated earlier, φ =

tAsheet
,
V

and therefore includes the thickness of the sheet. If the

crumpled state is dictated by geometry rather than by mechanics, we should be able
to describe the nematic ordering without t. In addition, A provides the proportion
of curved versus flat walls that suits the specific case of cylindrical boundaries but is
not suitable for other geometries. For this purpose, we chose an alternative equation
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given by the ratio of surface area of the sheet divided by the largest cross-section
of the cylinder, Asheet /Acs . This equation approximately represents the minimum
number of facets the sheet must be folded into in order to fit into the container and
can also be generalized to describe any container geometry.
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Figure 5.16: Average Density Correlation Function. a) The average density correlation function, Cm , is plotted versus φ. Similarly to Cn , Cm grows monotonically
with the degree of compaction. b) Displayed is Cm graphed against an alternative
quantification of the packing fraction of the sheet, Asheet /Acs .

The development of density correlations, Cm against two different measures of the
degree of crumpling are shown in Fig. 5.16. Stacking increases as a function of both
φ and Asheet /Acs , however the curves show a better collapse when plotted against φ.
From this result, we infer that mechanics plays a role in the emergence of layered
facets in confined elastic sheets and thus local nematic ordering does not arise solely
from geometric properties.
In summary, when a sheet with reversible deformations and low surface-to-surface
friction is confined within a cylinder, it will align along both the flat and curved walls
while forming local nematic order that is inhomogeneously clustered. We observe
that the sheet’s overall alignment is not merely a boundary effect since orientational
order develops at remarkably low volume fractions between 5% and 20%. The role of
the walls, as quantified by the aspect ratio of the geometry, breaks the orientational
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symmetry of the sheet. Furthermore, as the sheet aligns with the external boundaries,
its facets also form local, closely packed regions whose orientations are not as strongly
determined by the aspect ratio as is the sheet’s global orientation. In the above
experiments, the crumpled conformations have not reached long-range order thus we
cannot completely peel apart the roles of the volume fraction and the shape of the
boundary in the ordering process. An important next-step would be to investigate
whether either variable leads to true phase transitions analogous to those predicted
for the lower dimensional system of elastic rods confined in two-dimensions [9].
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CHAPTER 6
CONCLUSIONS AND FUTURE DIRECTIONS

The main objective of the described experiments is to study the geometry and
mechanical properties of thin membranes packed into volumes whose linear size is
smaller than their longest undeformed edges. Ultimately, the aim is to search for a
universal description of crumpled membranes with varying sizes and material properties, and have been confined under different forcing mechanisms. With this goal in
mind, we study two systems of macroscopic sheets. Our first system helps to identify some of the defining elements of a static crumpled sheet, in order to build the
framework for further experiments. Then, we move to a set-up where we can study
the evolution of the crumpling process and also span a wider range of volume fractions. Here, we change several parameters including the material of the sheet, the
confinement geometry, and the frictional forces between surface-to-surface contacts.
In the first set of experiments, aluminum, a material with high plasticity, is crumpled within a shrinking spherical boundary. We perform a full three-dimensional
analysis to quantify the distribution of density, curvature, surface orientation, and
local nematic order. The results show that the geometry is largely isotropic and homogeneous. Although the density tends to increase towards the exterior of the ball,
the orientation of the facets shows no preferred alignment in any direction including along the confining boundary. The high curvature points, or folds and vertices,
are also evenly distributed throughout the volume. In other words, the method of
crumpling is not recorded in local measures of the geometry even though the system
is far from its equilibrium state. We also find indications of local nematic ordering
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produced by nearly planar stacks of sheets. Unlike orientation and curvature, this
local nematic ordering is found to be spatially dependent; areas of parallel stacking
increase approximately linearly with the radius of the sphere. Previous to this research, the mechanical strength of crumpled membranes was linked to the collection
of sharp folds, however the layers act like thicker walls that possibly provide the sheet
with the structural rigidity to resist further compression. Beyond the analysis carried
out thus far, more information can be extracted from the rich three dimensional data
of each crumpled aluminum ball. For example, a few defining length scales may be
measured to predict the distances between d-cones or the even the typical facet-size.
Or, one could examine the regions of nematic order and how they may be connected
to one another. Perhaps they are bounded by ridges similarly to the thin layers of
cabbage leaves bounded by the stiffer stems, as described in Ref. [15].
In the case of a ball of aluminum, even though local order forms, the orientation
remains isotropic and no alignment with the exterior container is found. We suspect
two main reasons for this. First, alignment with the spherical confinement would
require the sheet to stretch in both principal directions, which is energetically expensive. Secondly, the high plasticity and frictional interactions in aluminum cause the
material to irreversibly freeze into its initial response to the crushing force, preventing
internal rearrangements.
To remove these complications, we design a new experiment, in which we induce
alignment by confining the sheet in a container with developable surfaces and use the
highly elastic material, PDMS. Here, the analysis is conducted in 2D. For comparison
of the curvature values between the aluminum and PDMS sheets, we re-analyze the
aluminum data in 2D. Our results expectedly show that the PDMS membranes have a
higher curvature localization. Since the deformations are reversible, they may move,
combine with other deformations, or return to a flat shape in order to maximize
the sheet’s undeformed regions and thus minimize the energy. Less predictably, the
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histogram of 2D radius of curvatures of the crumpled PDMS reveals a maximum in
the distribution at around 9t, similarly to the one measured in the aluminum sheets.
This result shows that the maximal curvature is a local quantity, independent of
the geometry of the crumpling boundary and material properties of the membranes.
However, the specific value where the histogram shows a peak remains a mystery and
additional experiments using a wider range of sheet-thicknesses could help quantify
the role of the geometry in determining this quantity.
We also measure global and local orientational order as the PDMS sheet is crumpled and compare the effects of crushing with a flat versus a curved wall. We find
that as facets begin to align along the walls, the ordering grows inwards and the
average orientation of the sheet aligns with the wall with the most surface area. The
sheet will preferably align with the largest available developable boundary and does
not differentiate between the two curvatures. Thus, unlike in the aluminum case, the
average orientation of the elastic membrane is strongly influenced by the geometry of
the container.
Next we look at a more local measurement of order, the stacking of facets or nematic order. We find that layering is induced as the PDMS sheet is crumpled and
as one wall becomes more dominant. The data shows that the amount of layering
grows monotonically with the volume fraction, while showing a smaller effect with
the varying aspect ratio. Experimentally, the aspect ratio and volume fraction cannot
be completely separated as they are simultaneously changing. In order to independently quantify these two parameters, a different crumpling mechanism would need
to be devised. In our experimental set-up, we can conclude that the geometry of
the confinement may facilitate local nematic order by providing an external field of
alignment. However, stacking appears to be more strongly determined by the density
of material inside the volume rather than by the geometry of the crushing boundary.
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Interestingly, local nematic ordering occurs in both aluminum and PDMS sheets.
Even at low densities, facets of the sheets meet to form mechanically stronger zones.
Perhaps these stacks are a defining feature of crumpled systems, independent of their
material and geometric properties. The stacking may also help transform a floppy
thin film into an object with the structural foundation to withstand external forces.
Foams and granular matter provide other examples of materials that can maintain
low volume fractions while opposing external crushing forces. However the way in
which their components work together to provide mechanical strength may differ
from the mechanism found in crumpled sheets, and a better understanding of each
system would provide an interesting comparison. A closer look at the dynamical
rearrangements of the sheets as they are confined and deformed would elucidate this
mechanism. One method may include adding markers inside the membrane (as in
Ref. [1]) in order to track the relative motion of the material points during crumpling.
Another measurement of the sheet’s structural resistance is how the response force of
the sheet scales with increased ordering. We are currently adding a force transducer
to our experiment in order to monitor the PDMS membranes’ response to crushing.
We will use the same cylindrical confinement geometry and crumple the sheet axially,
while measuring the force.
Concurrently, we would also like to look at the change in configuration of crumpled
PDMS membranes over repeated crushing and un-crushing steps. As the sheet is confined, it can explore the available space and perhaps re-adjust towards a configuration
with lower energy. In other words, an initially random conformation may eventually
tend toward a predictable pattern of minimal elastic energy and even increased alignment with the external walls. To take this a little further, we could start to build
a phase space describing the relationship between the boundary geometry and the
confined sheet’s final shape or degree of orientational order. For example, as the the
shape of the container varies from boxes to cylinders, with varying aspect ratios, and
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eventually towards a spherical shape, one may graph the degree of local stacking and
global alignment in order to understand the response to changing gaussian curvature,
sharp corners, and available developable surfaces of the confinement.
Although many questions about crumpled systems remain unanswered, the work
described in this document contributes several new insights about the inner workings
of highly deformed sheets. We hope to provide a fresh perspective for other researchers
as well as prompt new directions for future adventures in crumpling.
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